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ete” — tt at NNLO: 2000
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[Hoang,Beneke,Melnikov,Nagano,Ota,Penin,Pivovarov, Signer,Smirnov,Sumino, Teubner, Yakovlev, Yelkhovsky'00]
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m stabilization of peak position (“threshold mass”)

® no stability in normalization of peak
m large differences between different groups
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e"e~ — ttat NNLL: resum (aginv)" T
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LL, NLL, NNLL [Hoang,Stahlhofen'14]

) 30 344 346 348

Vs [GeV]
® NNLL not complete

a no overlap of bands from p variation
a do /o = £5% (peak)

® see also: [Hoang,Manohar,Stewart, Teubner'02; Pineda,Signer'07]
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Framework: potential NRQCD
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scales: mass, m: hard >> momentum, mv: soft > energy, mv?: ultrasoft > Nqcp

E2_k2
k

pNRQCD (potential
non-relativistic QCD)

{ Eﬁ ~ I’T'IV2
|~ mv
ultrasoft gluons: Eg ~ my®
9 ' k| ~ mv?
QCD = NRQCD =
/]\

integrate out hard

scale “m” from
QCD [Caswell,Lepage’86;

Bodwin,Braaten,Lepage’95]

integrate out all scales from
NRQCD except
and ultrasoft gluons

[Beneke,Smirnov’97; Pineda,Soto’98; Brambilla,Pineda,Soto,Vairo’00]

alternative formulation: velocity NRQCD (vNRQCD)

[Luke,Manohar,Rothstein’00; Hoang,Stewart'03]
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T

Effective Hamiltonian to N°LO

[Gupta,Radford’81,. .. ,Manohar'97,. ... ,Kniehl,Penin,Smirnov,Steinhauser'02,. . . ,Beneke,Kiyo,Schuller'13]

A

Z2 a4
. (P® P _ _
= (@n5@) (B2 ) + ol Vell) + Gy ) Vi)
mCra 52+ p' -
_‘_Fst(M) [C(;(Oés) + Cp((ys)% + CS(()eS)S2
Static potential:  V¢(|g|) = _4nCras(d) 3 loops
1/m potential: Vi m(ldl) = % Ci/m 2loops
“Breit” potential: o< 1/m? Csps 1loop
G=p
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owt(€te” — tt) in pNRQCD AT
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O‘(S) = 0gIm [ I'I(q2 =S+ iE) —+ Z boson contr}

N=deo o~ & (0 +%9)] 6E) +..

> needed:

1. matching coefficients ¢, 1 ioop: [allen, sarby'ss)
2 loops: [Czarnecki,Melnikov'97; Beneke,Signer,Smimov'97]; 3 loops: [Marquard,Piclum,Seidel,Steinhauser'06'08'14]

and dv 1 loop: [Luke,Savage'98]

2. G( E) 3 loops: [Beneke,Kiyo,Penin’07; Beneke,Kiyo'08; Beneke,Kiyo,Schuller'13]
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Ingredients to G(E)

Review: [Beneke,Kiyo,Schuller'13]

a LO: Coulomb solution

(=& + %= —E)Go(7. 7', E) = (7~ )
® NLO, NNLO, ... perturbation theory in momentum space:

d—1 d—1 /
G(E) = | s e | Gl 7 )

d—1 N -
| G i Go(B.Bri E) 0V(B1. Br) Go(Br. B3 E) +
_'_51186( )
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Ingredients to G(E)

Review: [Beneke,Kiyo,Schuller'13]

a LO: Coulomb solution

(-4 + - £)Go(R7, E) = 007 - 7)
@ NLO, NNLO, ... perturbation theory in momentum space:

d—1 d—1 /
a(E) - | (g,r)dﬁ B | Golp. i)

d—1z  gd—1
+ f ((;ﬂ)dp11 27) d g Go(Pa p1; E)oV(p1,p}) GO(,D1, E)+...
51186( )
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Ingredients to G(E)

Review: [Beneke,Kiyo,Schuller'13]

a LO: Coulomb solution

(—A+%— )Go(Fﬂ/ E) = §®(F —F")

mg r

@ NLO, NNLO, ... perturbation theory in momentum space:
d—1 d—1 / o
G(E) = f (gﬂ)dp1 (‘;ﬂ.)d T [Go(p7 ’; )

d—1 gd—1 o N
+ f (Zw)"p1‘ 2m) d ' Go(Pa P1; )5V(p1./,04) Go(pﬁ,p’; E) + .. :|

+0"G(E)
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Ingredients to G(E)

Review: [Beneke,Kiyo,Schuller'13]

m LO: Coulomb solution

(=& +%—E)Go(F. 7', E) = 6O (F—7)

mg r

@ NLO, NNLO, ... perturbation theory in momentum space:
d—1 d—1 / o
G(E) = f (gﬂ-)dp1 (Zﬂ.)d i [Go(Pv P E)

d—1 gd—1 o VN
+/ (Zw)dp11 zﬁd ' Go(PaP1 )5V(P1-P4)GO(PQ7P/?E)+~-l
+5HSG

A D
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Ingredients to G(E)

Review: [Beneke,Kiyo,Schuller'13]

a LO: Coulomb solution

_ 4 CFas E) Go(7, 7', E) = 5B (F (F—7")

my

a NLO, NNLO, ... = perturbation theory in momentum space:
d—1 d—1 /
G(E) = | s e | 0ol )

d—1 Lo Y -
+f éﬂ)d i de 1 Go(PaP1 )OV(p1.p§)Go(p1,p’;E)+..l
+oG(E

SeRea®
SO ®
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Ingredients to G(E) ﬂ("‘

Review: [Beneke,Kiyo,Schuller'13]

a LO: Coulomb solution

_ 4 CFas E) Go(7, 7', E) = 5B (F (F—7")

mg
a NLO, NNLO, ... = perturbation theory in momentum space:

> >
O

adV
Static potential: V¢ = —% 3 loops
1/m potential: Vi/m = ”;Clg’fg 2 loops
“Breit” potential:  oc 1/m? 1 loop
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Static potential ﬂ("’

 of Technology
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[Appelquist,Politzer'75,Susskind’77] [Fischler'77;Biloire’80] [Peter'96;Schroder'98]

[Smirnov,Smirnov,Steinhauser’08; Smirnov,Smirnov,Steinhauser'09; Anzai,Kiyo,Sumino’09]
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1/m potential: 1-loop calculation &K"

T3 T o
= E S
S 2 S 2y g

-2 > 2, 53

1

fermion propagator: =7
po—5—ie

®  soft region: (po,|P|) ~ (mv,mv) = expandin %
potential region:  (po, |B|) ~ (mv?, mv) = no expansion allowed

® poles in pg plane: % —@— w_

X 3 3
no expansion  expansion possible
possible
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1/m potential: 2 loops

[Kniehl,Penin,Smirnov,Steinhauser’01; Penin,Smirnov,Steinhauser'13; Beneke,Kiyo,Marquard,Penin,Seidel,Steinhauser'14]

classify according to colour factor: C%Ca, C2Tn;, CEC3, CFCaTny

® “most non-abelian”: CrC3, CFCaTn

. . @\?‘ﬁ) 4 E
> expansion possible @;g\%) émmé
» “reducible” CZCx, CZTn,
g
24 > expand % up to 1/m = soft integration

> expand % up to 1/m? = potential integration ~ m
a for G(E) to NNNLO: O(e) part is needed at 2 loops
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Residue Z; A\KIT

(@20 + Gua) N(q?) = i [ dx &(0| Tj,(x)j}(0)[0) W

E—En N, " _ v
@) 25 fep Zos . Z=[@-Bo 0+ %) O
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Residue Z, KIT

(~GPGuw + Guay) M(G?) = i [ dx €% (0] Tju(x)15(0)[0) W

E—En N, Z, _ E; v
@) 25 M Zos . Z=[@-Bo (0 +%)| O
PS_ \3
Z = Wp-|—(—2.131+3.661L)04S

+ (8.38 4+ 1.27x; — 7.26 In g — 13.40L + 8.93L%) o2
4 (5.46 + (—2.23 4+ 0.78L¢) x; +2.21,, + 21.48),,.
+37.53,, — 134.8(0.1),, + (—9.79 — 44.27L) In ovs — 16.35In°
+ (53.17 + 4.66x;) L — 48.18L% + 18.17L%) o + O(a})]
= W [1 —2.13a5 4 23.6602 — 113.0(0.1)ad + O(a})]
xi = e/ (mPBag), L= (u/(MfSCras)), Ly =In(u?/p)

[Marquard,Piclum,Seidel,Steinhauser’14]
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Residue Z, g!(IT
(—@PGuw + Gua) N(q?) = i [ dx (0| T (x)j}(0)[0) W

E—En N, " _ v
@) 25 M Zos . Z=[@-Bo (0 +%)| O

12 0y T T T T T T
"' > _NNNLO (ferm)
11 . ~

1+t

09
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[Marquard,Piclum,Seidel,Steinhauser'14]
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O'tot(eJrei — t?)

LO, NLO, NNLO
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Parameter variation:
mPS — mfS + 50 MeV
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[Beneke et al.]
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Conclusions A\KIT

m 3rd order effective Hamiltonian v/

a 3-loop matching coefficient v/

a large NNNLO corrections to ¢, and G(E)
a reduction of theoretical uncertainty
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